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LESSON 10: THE LAPLACE
TRANSFORM

Learning Objectives
Em e,

After this presentation you will be able to:

» Explain how the Laplace transform relates to the transient
and sinusoidal responses of a system.

» Convert time functions into the Laplace domain.

» Use Laplace transforms to convert differential equations
into algebraic equations.

» Take the Inverse Laplace transform and find the time
response of a system.

» Use Initial and Final Value Theorems to find the steady-
state response of a system.
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The Laplace Transform

Laplace transform converts time domain problems into functions of a
complex variable, s, that is related to the frequency response of the

system
Jw= jenf
sysiem
F@SpDﬂPS
Laplace left half tighl half
Transf plane plane
wit) ransform s o
T time
—jus jenf

Time domain
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Complex Frequency and The Laplace

Transform
Jw= jETF
a.
left half righl half
plung plune
—g T
L G—
b. -«
—-ju= jenf

a.) Higher frequency
b.) Faster time constants

Complex frequency combines transient response
with sinusoidal steady-state response to get total

response of system to input

s=0+ jo (T

G = exponential decay /increase constant that is
related to time constants of systems
transient response. RC = L/R = G in circuit

analysis

e” Exponentia lly increasing function over time
e Exponentia lly decreasing function over time
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Frequency

analysis

Sinusoidal Response From Complex

The radian frequency j® = j2nf same frequency used in phasor

functions

Laplace related to sine response through Euler's Identity.
Euler's relates complex exponentials to sine and cosine time

el = cos(wt) + j-sin( wt)
e 1" = cos(ot) — j-sin( wt)

Adding and subtracting the above relationships gives the
exponential forms of sine and cosine
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e
Add the identities

el = cos(wt) + j-sin( ot)
e 1" = cos(omt) — j-sin( wt)

et et = 2. cos(wt)

ejo)t + e—jo)t
————— =cos(mt)

Exponential form of Cosine

Since est — e(0+jo))t — ect .ejmt

Exponential Forms of Sinusoids

Subtract the identities
el = cos(wt) + j-sin( wt)
e ' = cos(ot) — j-sin( ot)

et —e 1t = 2j-sin( wt)

Exponential form of Sine

Laplace can give complete response: dc
transient and steady-state sinusoidal
lesson10et438a.pptx
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Basic Laplace Transform Pairs

Time Domain Function Laplace Domain Function

8(t) Impulse =)

Note: time functions

Us(t) Unit Step ; multiplied by .consfcmjrs c::;ive
|:: S Laplace function multiplied
by constant
1
e D
" S+a Examples:
1
e® | >
s-a sut) o 2
() S
sin(ot) | > 2 2 .
(@) ST+o 3-sin(4t) — 3(%) o=4
s s +16
cos(wt) | D
s+’
. 1
t Linear ramp (Slope 1) |:> ST lesson10et438a.pptx

Laplace Transform Examples
o

Match the following time functions to correct Laplace domain
function using the transform pairs.

ay 10t 1 1
! © s+2© 05—50

_at Laplace table
b.) t-e 3.2 textbook Q 2 Q
S

. 0 :(75)0

c) €

1
ay e © (s+a)? o
e) 3-cos(t)
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Laplace Theorems

Laplace of an unknown function

£(f1 (t)) = Fl (S) Capitalize unknown function name

Replace t with s

Examples

£(i,()=1,()

£(v:(0)=V,()

Linearity of transform - can multiply by constant

If £(1:1 (t)) =F(s) and £(1:2 (t)) =F(s)

Then £(a-f (t)+b-f,(t))=a-F(s)+b-F,(s)
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Laplace Transforms of Calculus
Operators

Laplace Transform turns derivative into multiplication by s

If £(f1(t)): F.(s) /

Then ,S?(%fl(t)J =s-F.(s)~f,(0)

For higher order derivatives 0 initial conditions reduces formula to

2

d? d 2
£(dt—2f1(t)J =S- (S . Fl(S) —fl(O)) _Efl(O) £(dt_2fl(t)J —g2. Fl(S)
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Laplace Transforms of Calculus
Operators

Laplace turns integration into division by s

If 2(f,(1)=FR.()

Then ([f,(t)dt)- % F(s)

Examples from circuit analysis:

Capacitor voltage (ve(t))= [ II (t) dtj

ve(®) =2 fic ) d V=5 o[ & |
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More Examples From Circuit Analysis

Find the Laplace relationship for inductor voltage

d.
V() =L i (1)

d.
s(vL(t))=£(L-anL(t)]
V. (s)=L-s1,(9)

Laplace relationship for resistor voltage

Vg (t) =R- iR (t) £(VR (t)): £(R ) iR (t))
Ve () =R-1;(9)
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Laplace Transforms and Impedance

Remember phasor analysis is only valid for sinusoidal steady-state. Turns ac
analysis into an analysis similar to the dc. (Ohm's law)

Resistance R

Inductive Reactance X =joL o=2rnf j=90

Capacitive Reactance X = L =—j- (L) -j= 1 =-90°
jo-C o-C |

Since Laplace variable represents frequency, it's possible to replace j® with s and s
with jo. If s is replaced with j®, analysis reverts to phasors We can find the
frequency response of a dynamic system by converting differential equation into
Laplace domain and replacing s with j®. Sweeping frequency produces Bode plot
of system.
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Laplace Transforms and Impedance

Laplace “Impedances” (Ohm’s Law) Impedance (Phasors)
V, (s i

Ls =LY jot = L0
LUo

1.(5)

1 V.(9) 1 V. (jo)
Capacitors - = C itor I
cs 1) [Copesions| —==1%0)

-esistors - VR (S) m R = VR (J(D)
: "= IR(S) - Iz (jo)
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Laplace Representations of OP AMP

Circuits
s

Find 1/O relationship of integrator using Laplace relationships
L)

Use OP AMP theory and solve. No |
enters inverting node and V*=V-=0 due

_Vg,(t} to ground connection.
,L"G) + igm <3
Use KCL at inverting node iult) = "}‘-{U‘)
\, (H -V (t) oL d vy~ V) H)=\{)=0 8o  Substitute into
Au(j\ = *—ﬁ A CI{H( ' ) Vo KCL equation
PRV d
° Ay ¢S (U Y/ B L

e v_(%fvé) i)

s
lesson10et438a.pptx

Laplace Representations of OP AMP

Circuits
e |

Wt e d o)

n

Integrate both sides of above equation to get V(). Integration is inverse of

'“lrg; g\l.,(ﬂ dt=- CE% Vi) dt

differentiation

,éf, P,qmc!t = ~CV, )
) - (Due-4e
RiC

de=\ G
aem gv"w\é

Can use generalized gain
formula of inverting OP AMP
lesson10et438a.pptx and Lupluce Impedcnces
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Circuits

Example 10-1:
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Laplace Representations of OP AMP

Find the input/output relationship for the circuit shown below.

_N—
L Rs Generalized gain formula
YL
Vio(t) v Vo(t)
' WA —O0 “!L s Use Laplace impedance
Rin v * (Vi E: relationships to find gain
For inductor - ,\_{6@ = ﬁﬂ
di Va8)  2,.65)
VL&) = L‘?{‘b’_—(ﬂ‘
Ve So Zn6)= RullLs LU =R,
LQS = /
X[\J,_Gﬂ-: \/l_(s) o Ls 2,.5) Rin(Ls)
_ Rt Ls
A éa’:i@] - Lels)

Substitute into generalized gain formula

AS) = R¢

Vocsb .~ Re
AVIR (5)

an

Rin | e +'1 ( : ( )H)(
CREORIEAE

QUTPUT 1S Sum oF
ConsTANT GAIN

:'.a—:"\lmc.‘%‘)

And integrator
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Example 10-1 Solution (2)

= —_— Rm{
Vi, &) RinLs = -R¢ [—% =
et Le R, Ls
Rin
Q'F ) L < ‘Em—:e

F— %) Hune)

: L6
action

Y.
-Q{_ 'Qm{-f.s
Rl'l\ L.S

R,n Cmf‘@n‘*

Division by s means

Integration in time

10/22/2016



End Lesson 10: The Laplace Transform
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